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ABSTRACT
Let K be any field of characteristic p > 0 and let G be a finite group
acting on K via a map 7. The skew group algebra K;G may be non-
semisimple (precisely when P|(H), H = Kert). In [1] necessary conditions
were given for the existence of a class « € H2(G, K*) which “twists” the
skew group algebra K;G into a semisimple crossed product K2G. The
“twisting problem” asks whether these conditions are sufficient. In [1] we
showed that this is indeed so in many cases. In this paper we prove it in

general.

1. Introduction

Let G be a group and K a field, and suppose that 7: G — Aut K is an action of G
on K. Then we may form the skew group algebra K, G; this is the K-space with
basis {us| £ € G} and ring product given by (aus)(buy) = az(b)u,, where z(b)
denotes 7(z)(b). Since K* is a G-module, we can choose an o from Z2?(G, K*) and
use it to “twist” K, G to form the crossed product K*G, where the product is
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given by the formula (au.)(buy) = az(b)a(z, y)usy. It is well-known that up to
isomorphism K&G depends on « only through its cohomology class, so we may
assume that a € H%(G, K*).

In a previous paper [1] some necessary and sufficient conditions were found for
K2G to be a semisimple algebra when G is finite. In characteristic zero it is

always semisimple. In characteristic p > 0 we have the

THEOREM ([1] Theorem B, Theorem 2): Let K&G be a crossed product algebra
over a field K of characteristic p > 0. Denote the kernel of T by H. Then K2G
is semisimple if and only if K%H is semisimple where @ = res§;a. Furthermore,
in this case,

H/Op(H) is an abelian group
*) with rank not exceeding the p-degree of K over KP.

The theorem above gives only partial information about the “existence” of
semisimple crossed products beyond, of course, trivial examples where
p = char K { |H|.

The question of the existence of “non-trivial” semisimple crossed products, i.e.,
p||H|, may be formulated in more than one way (see Theorem A and Theorem
B below).

In [1] the following question was considered: when can a skew group algebra
be twisted to a semisimple crossed product? More precisely, let K.G be a given
skew group algebra, with G a finite group and K a field of characteristic p > 0.
H denotes the kernel of 7. Is the necessary condition (x) above also sufficient for
the existence of an o € H%(G, K*) such that K*G is semisimple? We call this
question the twisting problem.

In [1] techniques were developed for attacking the twisting problem. Also the
problem was solved in some special cases, notably when K is a local field or G is
a p-group.

Our purpose here is to solve the problem in the general case by establishing

THEOREM A: Let G be a finite group, K a field of prime characteristic p, and
7: G — Aut(K) an action of G on K with kernel H. Then there is an « in
H*(G,K*) such that K2G is semisimple if and only if H/Op(H) is an abelian
group whose rank does not exceed the p-degree of K over KP.

As an easy consequence of this, we obtain necessary and sufficient conditions
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on a finite group G and a field K for the existence of a semisimple crossed product
of G over K.

THEOREM B: Let G be a finite group and K a field of prime characteristic p.
Then there is a semisimple crossed product of G over K if and only if G has a
normal subgroup H such that the following hold:
(i} G/H is isomorphic with a subgroup of Aut(K);
(i) H/Op(H) is an abelian group whose rank does not exceed the p-degree of
K over KP.

This result is most interesting when the finite subgroups of Aut(K) are
restricted.

Example: Let K be the field of rational functions in ¢ over the field F, of ¢ = p™
elements where p is any prime. If ¢ € Aut (K), then ¢ must normalize F, since
this is the subfield of algebraic elements. If o acts as the identity on Fy, then it

must be of the form
at+b

pry e
ct+d

where a,b,c,d, € F; and ad — be # 0 ([4], p. 496, 9.1). Thus each automorphism

of K has the form

at + b

.t
ur o), ey

where v € Fy, o€ Aut(F,).

Hence Aut (K) ~ PI'Ly(q), the group of semilinear fractional transformations
of F,. The subgroups of PSLa(g) are known ([3], II, 8.27), so in principle it is
possible to determine the subgroups of PT'L;(g).

Since K has p-degree 1 over KP, the conditions in Theorem B require the
existence of a normal subgroup H such that G/H is isomorphic with a subgroup
of PI'Ly(q) and H/Op (H) is cyclic.

2. Reductions

We shall now summarize the reductions in the twisting problem which were
obtained in [1].

Let 7: G — Aut K be an action of a finite group G on a field K of characteristic
p > 0, and put @ = Im 7. Further assume that H = Ker 7 satisfies the condition:
H/O, (H) is abelian with rank 7 not greater than the p-degree of K over KP.
Denote by P a Sylow p-subgroup of H, and observe that P is an abelian group of
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rank 7. According to [1], Proposition 1, there is an a in H?(P, K*) for which the
twisted group algebra K<P is semisimple and, in fact, it is a purely inseparable
field extension of K. Now if a can be extended to 8 € H%(G, K*), then KfG
will be.semisimple, by [2], Theorem 3.2 and [5], p. 184. So the challenge is to
find an o in Im(res§) for which K P is semisimple.

By [1], Proposition 7, it can be assumed that H = P. Then an easy spectral
sequence argument ([1], Lemma 8) shows that

Im(res¢) = Ker d

where d: H?(P, K*)? — H3(Q, K*) is the differential in the Lyndon—Hochschild
—Serre spectral sequence for P — G — Q.

Next, a result of great importance [1], Proposition 9, asserts that
(1) H(P, K*)? = Homg,.q (P, K*/(K")"")

where p€ is the exponent of P. This effectively transfers the problem to the realm
of module homomorphisms.
Write P = (x1) X --- X {x,.) where |z;| = p* and 0 < e; < e. Let

k=K®?

be the fixed field of Q. By [1], Lemma 13, there is a subset {ay,...,a,} of k*
which is p-independent over KP. Since K is Galois over k, there is a z in K
such that o(z) # z if 1 # o0 € Q. It was shown in 1}, Theorem 11 that the a;
can be chosen so that the (1 + a;2P) (K*)P* generate a free Z,.Q submodule of
K*/(K *)?°. By a simple technique for embedding a module in a free module,
one can then construct an embedding ¢ of P in K*/(K*)P". This is given by

o(@) = [T T (1 + aio(2))™ @D (kmy*
i=1zeQ
where (y); is the exponent of z; in y € P. We can write ¢(z;) = b;’e_ej (K*)P
where .
b; = H H 1+ aio.(z)p)(o—l(z]-));.
i=10€Q

Next, by (1), ¢ determines an « in H?(P, K*)¥ , and, according to [1], Lemma
10, K*P will be semisimple if and only if {by,...,b,} is p-independent over K?.
Thus our aim is to show that z and the a; can be chosen so that the b;’s are
p-independent.
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3. The main step in the proof

Let K be a field of characteristic p > 0, @ a finite subgroup of Aut K, and M a
finite Z,.Q-module with positive rank r which does not exceed the p-degree of K
over KP. Write M = (1) ® - -- & (x,) where |z;| = p* and 0 < e; < e. Finally,
let k = K9 be the fixed field.

The result that is needed to prove Theorem A is

PROPOSITION 1: There is an element z of K satisfying o(z) # z for 1 # o € Q,
and a subset {a1,...,a,} of k which is p-independent over KP such that the
following hold:
(a) the elements (1 + a;2P) (K*)P" freely generate a free Z,.Q-submodule of
K*/(K*);
(b) the elements b; = [[;_, [1,cq (1+aio(z)7’)(°_l(xj)}', j=1,...,r are
p-independent over KP.

The first step in the proof of Proposition 1 is to show that there are many
subsets of k£ which have the free generation property.

PROPOSITION 2: Let K be a field of characteristic p > 0, Q a finite subgroup
of Aut K and r a positive integer. Assume that {ci,...,¢.} is a subset of the
fixed field k = K9 which is p-independent over KP. Then there are elements
uy,...,u, of (k*)P such that for all positive e the elements (1 + a;2P) (K*)?"
freely generate a free Z,.Q-submodule of K*/(K*)P°* where a; = c;u;. Moreover,
once uy,...,u;—1 have been chosen, all but a finite number of the elements of
(k*)P qualify as u;.

Proof: Note that K, and hence %, is infinite. Observe also that it is sufficient
to prove the result for e = 1 since extraction of roots in K* is unique.

Assume that the elements 1 + a12”,...,1 + a;_;2” have the free generation
property where a; = ¢ju;. Let u € (k)P and put a; = ¢c;u. We shall argue that
1+ a12P,...,1+ a;zP have the free generation property for almost all u.

If this is not true, free generation must fail for infinitely many u. Since
there are only finitely many Z,Q-linear relations that can hold between the
(1+a;2P) (K*)P, there exist integers \;,, not all zero, such that 0 < \j, < p
and

i

(2) [T I @ +ajo(2)7) € (k).

j=lo€Q



414 E. ALJADEFF AND D.J.S. ROBINSON Isr. J. Math.

Expand the product in (2) and write it as a linear combination of the monomials
ai‘ coeal, 0<¢; <p. Then

%

) ng(al,-n,ai)pai‘---af‘€(K*)”
4

where { = (1,...,¢4;), 0<{; <pand f;is a polynomial in 7 indeterminates
over F, (0(z)|o € Q). Now the monomials a¥ ---a are linearly independent
over KP since ay,...,q; are p-independent over K? ([1], Lemma 12). Therefore
fe(ay,...,a;) =0 for £ # (0,...,0). Since there are infinitely many choices for
u, it follows that f (a1,...,a:-1,t) = 0 where t is an indeterminate.

Replacing a; by t in (2) and expanding the product as in (3), we obtain
b- H 1+ ta(z)p)’\i” = Z felay,. .., a;-1,t)° alt- --afi_"llté"
4) oEQ 4
= fofai,... 7.a'i—lat)P = g(t?)
where i
g€ KPlt] and b= H H 1+ aja(z)p)’\j” #0.
i=loeQ

Suppose that A;;, # 0. Then, by raising both sides of (4) to a suitable power,
we may assume that A;,, = 1. Now differentiate (4) with respect to t and put
t = —oo(2)7P. Since o(z) # oo(z) if 09 # 0 € Q, we obtain a contradiction.
Therefore all the \;, vanish, which means that 1+a,0(2),...,1+a;—10(2)" do

not have the free generation property.

COROLLARY 3: Let S be the Q-submodule of K* generated by the elements
1+ a;2P, and let e be a positive integer. Then S N (K*)?° = §P° and S/SP" is
freely generated as a Z,. Q-module by the (1 + a;zP) SP".

One further preparatory result is required before the proof of Proposition 1.

LEMMA 4: Let K be a finite Galois extension of an infinite field k, with
(K: k) =n. If0 # f € K[t1,...,t,), then f(z1,...,2,) # 0 for some nor-

mal basis {z1,...,2n} of K over k.

Proof: Let {ey,...,e,} be any k-basis of K, and let Gal(K/k) = {o1,...,0.}.
If z € K, we can write z = Y | a;e; with a; € k; then

f(o1(2), .- 0n(2)) =D _gi(ar,.. ., an) e
i=1
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where ¢; € k[t1,...,tn]. By [7], 3.5.3 there is a z in K such that
f(o1(2),-..,00(2)) # 0; thus some g; is not 0.

The condition for o1(z),...,0,(2) to form a normal basis of K over k is that
these elements be linearly independent over k, i.e. that a certain polynomial h in
k[ty,...,t,] should not vanish at (ay,...,a,). Since k is infinite, we may choose
ai,...,an in k so that g;h does not vanish at (ay,...,a,). Writing z = Y., a;e;,

we conclude that f does not vanish at the ordered normal basis (51(2), ..., 0,(2)).

Proof of Proposition 1: Since r > 0, the field k is infinite. Let z be an element
of a normal basis of K over k, and choose a subset {ci,...,¢.} of k which is
p-independent over KP; this exists by [1], Lemma 13. By Proposition 2 there are
elements uy, . .., u, of (k*)P such that the (1 + a;2P) (K*)?" freely generate a free
ZpeQ-submodule of K*/(K *)*° where a; = cju;. Also there are infinitely many
choices for u; once uq,...,u;_1 have been chosen.

If the proposition is false, the elements
-1
b; —H [T +aoEn @ =12 r,
i=10€Q

are p-dependent over KP for all choices of z and the u;. Thus the monomials
bil bt 0 < ¥; < p, are linearly dependent over K?, and there is a relation

> dgbt bl =0
£

where ¢ = (£y,...,4,), d¢ € KP, and not all the d; are 0. Substituting for the
b;, we obtain

(5) Z&HHH% (2)P) =0
i
where )\1%) = (o7 (lizr + -+ ¢ x,)) Since non-zero pth powers can be ab-
sorbed in d¢, we may assume that 0 < ,\fﬁ < p and that
A9 = (67 (11 + -+ - + £,2,)), (mod p).

Expand the products in (5) and express the left hand side as a linear combina-

tion of the monomials a{‘ .wvaf, 0 < ¥ < p. Each coefficient of a monomial is

itself a linear combination of the dg over the field Fp(ay, ..., ar, 01(2), ..., 04(2))",
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where @ = {o1,...,0,}. Since the monomials are linearly independent over
K?, we obtain a system of p” linear equations in the p" coefficients dy. Let
A be the coefficient matrix of the linear system. Then det(A) has the form
f(a1,...,ar, 01(2),..., on(2))’ where f € Fy[t1,...,tr, Y1,...,Yn). Of course
A is singular, so

flay,...,ar, 01(2),...,00(2)) = 0.

Now fix 2, ai,...,a,_1 and vary the u, in a, = ¢,u, infinitely. It follows that
f(ay,...,a,_1, tr,01(2),...,04(2)) = 0 where t, is an indeterminate. By the
same argument each a; can be replaced by an indeterminate t;, so that

f(tl’ N UI(Z) -,Un(Z)) =0.

We argue next that each o;(z) may be replaced by an indeterminate s;. To this
end, choose and fix vy,...,v, in k; then f(v1,...,vr, 81,...,8n) € k[s1,...,8n]
vanishes at every normal basis (01(2),...,0n(2)) of K over k. Lemma 4 now
shows that f (v1,..., vy, $1,...,8,) =0, so that

f(tly-- r, S1y-- as'n) =0.
Putting s; = 1 and s; = -+- = s, = 0, we obtain
ft,...,t,, 1,0,...,0) =0,

which, on reversing the procedure that led to (5), shows that the linear system
(6) Z de H 1+t)% =0
4 i=1

has a nontrivial solution for the dg in Fy (21, . . ., ,): notice here that /\g? =4; <p.
It follows from (6) that the coefficient matrix A of the linear system has its (m, £)

l L,
entry equal to (rr111>(m ) where m = (my,...,m.), £ = ({1,...,4).

T

Hence A is just the rth tensor power of the p x p matrix T with (3, j) entry equal
to <z ) Since T is unitriangular, so is A and det (A) = 1, a final contradiction.
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4. Conclusion of the proof of Theorem A

The deduction of Theorem A from Proposition 1 and the reductions described in
§2 proceeds as in [1], §6. It must be verified that if « € H%(Q, K*) corresponds
to the Z,.Q-homomorphism ¢: H — K*/(K*)P° which is determined by the
b;’s in Proposition 1, then a € Kerd where d: H2(H, K*)? — H3(Q, K*) is the
differential in the spectral sequence. A simple restriction-corestriction argument
shows that it suffices to verify that o € Kerd where d is the corresponding
differential for R, a Sylow p-subgroup of ). Let S be the @-submodule of K*
generated by the 1 + a;z?. Then ¢ maps H onto S(K*)P"/(K*)P°, which is
isomorphic with S/S?°; also the latter is freely generated by the (1 + a;27) SP°
(see Corollary 3). Therefore S/SP" is a free R-module, and H3(R, S) = 0 by [6]
(Theorem 6, p. 143). From this it follows that a € Kerd.
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